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Abstract 

In this article, we will show that a normalized fundamental solution of 
the formal Knizhnik-Zamolodchikov equation on the moduli space Mo,5 
are decomposed in two ways, and that each decomposition comes from 
iterated integral along specified integral contours. Hence the normalized 
fundamental solution has iterated integral expressions of two types. Com- 
paring them, one has the generalized harmonic product relations for hy- 
perlogarithms of type .Mo, 5. These relations constitute a bigger class that 
properly involves the harmonic product of multiple polylogarithms. From 
this, we obtain the harmonic product of multiple zeta values. 

1 Introduction 

The formal Knizhnik-Zamolodchikov equation on the moduli space A^o,n of 
configuration of n points in P 1 is an intcgrable pfaffian system with coefficients 
in the infinitesimal pure braid Lie algebra X. 

In the case of .Mo, 4, the formal KZ equation is a Fuchsian differential equa- 
tion in the variable z, with regular singular points at z = 0, 1, 00, and the Lie 
algebra X is a free Lie algebra generated by two elements, say Xq,X\. The 
formal KZ equation on .Mo, 4 is referred to as the formal KZ equation of one 
variable. The fundamental solution normalized at z = is a grouplike element 
of C((X$, X\)) which is a completion of the universal enveloping algebra U{%) 
of X, and can be regarded as a generating function of multiple polylogarithms 
of one variable 

z ni 

Lifci,...,fc r (z) = 



ni>n2>--->»r>0 1 



* Department of Mathematics, School of Fundamental Sciences and Engineering, Faculty 
of Science and Engineering, Waseda university. 3-4-1, Okubo, Shinjuku-ku, Tokyo 169-8555, 
Japan. 

e-mail: shu_oi@toki.waseda.jp 

t Department of Mathematics, School of Fundamental Sciences and Engineering, Faculty 
of Science and Engineering, Waseda university. 3-4-1, Okubo, Shinjuku-ku, Tokyo 169-8555, 
Japan. 

e-mail: uenoki@waseda.jp 



1 



The connection matrix of the fundamental solutions normalized at z = and z = 
1 of the formal KZ equation of one variable is known as the Drinfel'd associator, 
and is denoted by ^kz{Xq,X{). It is a grouplike element of C({Xq,X\)), and 
is thought of to be a generating function for multiple zeta values 



C(fcl,...,fcr) = ^2 



«1>«2>- ~~ 



[D] . [LM| . The Drinfel'd associator enjoys the duality relation, the hexagon 
relation and the pentagon relation. An associator is, by definition, a grouplikc 
elements of C((Xq, X\)) satisfying these three relations. The Grothcndicck- 
Tcichmiiller group of associators is closely related to the absolute Galois group 
Gal(Q/Q) P],n. 

That the Drinfel'd associator <E>kz (Xq,Xi) satisfies the duality relation and 
the hexagon relation is shown by considering the connection problem for the 
formal KZ equation of one variable [K] . [OkUj . Furthermore, that the totality 
of multiple zeta values is closed under the shuffle product is equivalent to that 
^kz(^Oj^i) is a grouplike element of C((X ,Xi)). 

There is the second way to define the product of multiple zeta values; it is 
the harmonic product or the series shuffle product. It is a generalization of the 
typical example 

™ = EiEi= E + E + E )i 



* — ' n l 

m>0 n > \m>n>0 m — n > n>m>0/ 

= {(k,l) + ((k + l) + ((l,k) 

(as for the precise definition, see Section 8.1). 

Equating the harmonic product and the shuffle product of multiple zeta 
values, we obtain nontrivial Q-linear relations for multiple zeta values known as 
the double shuffle relation [IKZj . It is conjectured that the (regularized) double 
shuffle relations contain all the Q-lincar relations for multiple zeta values. 

Dcligne-Terasoma |DTj . Besser-Furusho |BF] and Furusho [F] derived the 
double shuffle relations from the pentagon relation for the associators by means 
of methods in arithmetic geometry. On the other hand, that the Drinfel'd 
associator satisfies the pentagon relation is shown by considering the connection 
problem for the formal KZ equation on .Mo, 5 (the formal KZ equation of two 
variables) [W], |OUl| . So one can expect that there is a direct way to obtain 
the harmonic product of multiple zeta values. 

In this article, we will derive the harmonic product of multiple zeta values 
from the decomposition theorem of the normalized fundamental solution of the 
formal KZ equation of two variables. 

The formal KZ equation of two variables is an integrablc pfaffian system on 
P 1 x P 1 with logarithmic poles along the divisors D = {zi = 0, 1, oo} U {z2 = 
0,l,oo} U {z\Z2 = 1}. The fundamental solution normalized at the origin is 
a grouplike element of U{X) 1 a completion of the universal enveloping algebra 
IA(%), and can be viewed as a generating function of hyperlogarithms of type 

M 0> 5 

H Oil--- r a r ;z 1 )= ^ W r z i ' 

m>n 2 >->n r >0 n l ■■■ n r r 
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where ot\ = 1 or CKj = z-x. The decomposition theorem fSection l6.2p says that the 
normalized fundamental solution C(z±, z-i) decomposes, in two ways, to product 
of the normalized fundamental solutions of the formal (generalized) KZ equa- 
tions of one variable: 

rt? ~ n \- X 1 ) r(2) _ 

*-\Zl, Z2) — - t -l®2 i -l(»2 — ' t -2®l' I -2(gil- 

This theorem plays a basic role in the connection problem of the formal KZ 
equation of two variables. Furthermore, one can show that each decomposition 
comes from iterated integrals along specified integral contours Ci®2 and C2®i 
(Section [73). Hence the normalized fundamental solution has iterated integral 
expressions of two types. Equating them, one has the generalized harmonic 
product relations for hyperlogarithms of type .Mo, 5- Furthermore it is shown 
that they involve properly the harmonic product of multiple polylogarithms, 
and taking the limit of them, the harmonic product of multiple zeta values is 
obtained. 

The connection problem and the transformation theory of the formal KZ 
equation on A4o iU for general n will appear in our forthcoming paper [OU2] . 

The paper is organized as follows: In Section [21 we give an account for the 
formal KZ equation on the moduli space Mo,n in the simplicial coordinate sys- 
tem and in the cubic coordinate system. Especially, the infinitesimal pure braid 
relations and the Arnold relations for differential forms in each coordinate sys- 
tem are considered in details. The formal KZ equation represented in the cubic 
coordinate system is referred to as the formal KZ equation of n — 3 variables. 
In Section [31 we consider the formal KZ equation of one variable (the formal 
1KZ equation, for short). Representing the normalized fundamental solution 
in terms of iterated integral, we see that it is viewed as a generating function 
of multiple polylogarithms of one variable. We also consider the formal gen- 
eralized 1KZ equation, and show that the normalized fundamental solution is 
thought of to be a generating function of hyperlogarithms of general type. In 
Section [H the formal KZ equation of two variables (the formal 2KZ equation, 
for short) is introduced and the tensor product decomposition theorem for the 
universal enveloping algebra U(X) of the infinitesimal pure braid Lie algebra X 
(Proposition \2§ is established. 

To solve the formal 2KZ equation by means of iterated integrals, in Section 
[5] wc consider an algebra B of differential forms which is called the reduced bar 
algebra. Such an algebra of differential forms is a standard one in the theory of 
the loop space cohomology |Clj . [C2j . and the reduced bar algebra is nothing 
but the 0-th cohomology of the reduced bar construction of the Orlik-Solomon 
algebra associated with the hyperplanes arrangement of type |OT| . One 
can regard B as a dual Hopf algebra of U(3t) (Proposition [3J , and through this 
duality, we can prove the tensor product decomposition for B (Lemma [JJ and 
Proposition [5]). For an element of B, we define the iterated integral |C3j and the 
value of the integral depends on only the homotopy type of the integral contour. 
The tensor product decomposition theorem for B says that, choosing two specific 
integral contours Cig^ and C^i, the iterated integral of two variables reduces 
to the product of iterated integrals of one variable in two ways. We also note 
that the iterated integral is injective by the results of [B]. Therefore relations 
of iterated integrals are equivalent to relations of elements in B. 
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Iii Section [51 we first prove the existence and the uniqueness of a normalized 
fundamental solution (Proposition I14[). and next the decomposition theorem 
for the fundamental solution (Proposition [1^]). In Section [71 we show that the 
decomposition in two ways comes from the iterated integral expression along 
Ci®2 and C2®i- As a result, the comparison of the iterated integrals appearing 
in the coefficients of the two decomposition of the fundamental solution leads 
to the generalized harmonic product relations for hypciiogarithms of type Mo,5 
(Theorem 

In Section [51 we show that the generalized harmonic product relations prop- 
erly involve the harmonic product of multiple polylogarithms (Theorem |27|) . 

Thus the harmonic product of the multiple zcta values is interpreted from the 
viewpoint of the decomposition theorem of the normalized fundamental solution 
of the formal 2KZ equation. 

Acknowledgment The authors express their gratitude to Doctor Jun-ichi 
Okuda for valuable discussions. The second author is partially supported by 
JPSP Grant-in- Aid No. 19540056. 

2 The formal KZ equation on the moduli space 

M 0>n 

First we define the formal KZ equation on the configuration space (P 1 )™, and 
show that it can be viewed as a differential equation on the moduli space A'fo,™- 
On the moduli space, introducing the simplicial coordinates and the cubic co- 
ordinates, we consider the formal KZ equation in these coordinate systems. 

2.1 The formal KZ equation on the configuration space 

On the configuration space of n points in P 1 

(P 1 )? = . . . ,x n ) g P 1 X • • ■ X P\ \ Xj + Xj (i^j)}, (1) 

n 

we consider a pfaffian system 

dG = QG, where f2 = ^^dlog(xj — xj)Xjj . (2) 

i<j 

Here X^'s are formal elements satisfying the infinitesimal pure braid relations 
(IPBR, for short) 

n 

X v = (!<*<»). x ij = x 3h x a = (1 < hi < »). ( 3 ) 
[X ij ,X kl ]=Q ({i,j}n{k,l} = ®). (4) 

The Lie algebra generated by Ay 's with the fundamental relations IPBR will 
be denoted by X and referred to as the infinitesimal pure braid Lie algebra (IPB 
Lie algebra, for short). 
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Set &j = dlog(xi — Xj) (i ^ j) and £j, = 0. Note that £y = 

The system is intcgrable and is invariant under the diagonal action of 

PGL(2, C) on (P 1 )™. In fact, using only the trivial relations £jj A^ki + ^ki^£,ij = 

0, we have 

J? A J? = £ij A ^[A^, Afci] + ^ £y A^ifc[Xjj,Xjfe]+ 

i<j,fc<i i<j<k 

{i,j}n{kd}=i» 

i<j<k i<j<k 

Lemma 1 ([A"]). The nontrivial relations between the one-forms are only 

A & fc + & fc A Cjfc + &fc A ^ = 0. (5) 
We call ([5]) the Arnold relations (AR, for short). From this lemma, we obtain 
n A Q = Cij A [Ay , A fci ] + 

i<j.fc<Z 

{i,i}n{fe,i}=0 

i<j<k i<j<k 

Hence the integrable condition Q A ft = is equivalent to 

[A%-,A w ] = ({i,j}n{k,l} = 0), [X ij +X jk ,X ik ] = (#{i,i,*} = 3), 

(6) 

which is deduced from Q and ([4]). 

a 6 



Furthermore, by ( dj ^ PGL(2, C), J? is transformed to 

Q - ^ d log(ca; 4 + d) f ^ A. (J J + d log(ad - 6c) f ^ A 4j 

i— 1 J — 1 l<2<j<n 

From ([3]), we have X3j=i A^ = and Ei<j<j< n -^ij = so that the equation is 
PGL(2, C)-invariant. Thus it yields an integrable system on the moduli space 
M , n =PGL(2,C)\(P 1 )?. 

2.2 The formal KZ equation in the simplicial coordinate 
system 

Introduce the coordinate system (j/i, . . . ,y n -^) on the moduli space A^o.n via 

Xr 2 *^ Tt 2 *^ Th X *^ TL / \ / \ 

Hi = _ (1 < * < n—3), (y n -2 = 0, y„_i = 1, y„ = oo). 

(7) 

We call (O the simplicial coordinate system due to Brown [B] . In this coordinate 
system, the formal KZ equation takes the following form: 

n—3 n—3 

dG = | ^ dlogy k Yk. n -2 + ^2 dlog(y k -l)Y k: n-i + ^ d ^(v^~Vj) Y ij] G - 

k=l k=l l<i<j<n-3 

(8) 
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Here we set Y io = X io (1 < i,j < n - 3),Y fci „_ 2 = X fci „_ 2 , Y k , n -i = Xk,n-i- 
The equation can be rewritten in an equivalent form 

9G/lW2 + Vl + y _Jt^) G (jfc = l,... jn - 3 ). (9) 

dy k \ y k y k -l ^^Ift-^ 
The IPBR ©, (H|) for the generators {^}i<i,j<n-i reads 

*ij Yii — 0, Yn~ 2,n— 1 ^n — l,n — 2 0, 

[r«,y«] = o (O,i}n{fc,/} = 0), (io) 

[Y ij+ Y jk ,Y ik }=0 (#{i,j,fc} = 3), 

and, setting rfo = dlog(yj - J,) (1 < i / j < n - 1), ?fc = r?n-2,n-i = 
Vn-i,n-2 = (1 < «' < n — 1), the AR © reads 

A ?7 ? : fe + ?7 ?;fe A + rjj k A %• = (1 < i 7^ j < n - 3), 

77y A f)i >n -1 + r)i,n-2 A T)j, n -2 + V],n-2 A Tjij = (1 < 1 £ j < 71 - 3), 

A r/i,„_i + r/i,„-i A r/j, n _i + f]j, n -i A %• = (1 < i 7^ j < n - 3), 
K Vi,n-2 Ary iiTi _i = (l<i<n-3). 

(11) 

2.3 The formal KZ equation in the cubic coordinate sys- 
tem 

Introduce the coordinate system (zi, . . . , z n -$) on the moduli space .Mo,n 
through 

zi =2/i,Z2 = —,•■• j«n-3 = ^ Vi=z\---Zi (1 <i <n-3). (12) 

2/1 2M-4 

In this coordinate system, the formal KZ equation is represented as follows: 

n — 3 n — 3 

<*G = {X)c^* + X)akZkk+ ^ c«^} G - (13) 

fe=l fe=l l<i<j<n-3 

Here we set 

Z k = T,k<i<j<n-2 X H {l<k<n- 3), 

Z\i = —Xi <n -i, Z kk = —X k -\, k (2<fc<n-3), 
Zu=-X jin -i (2<j<n-3), ^ = -Xi-ij (2<i<j<n-3), 

(14) 



and 



Ci = — , fo = (i<j). (15) 



2^ 1 Z% - ' - x*j 



We call (fT"3|) the formal KZ equation of n — 3 variables (in the cubic coordinate 
system). This is equivalent to 

dG _ /Zfc ( \ - z ij 



dz k \z k I- z k 

l<i<j<n— 3 
i<fc<j 



E fr^) G (l<*<»-3), (16) 



G 



where Zij = Zi ■ ■ ■ Zj and = Zij/zf. (i < k < j). 

The IPBR for the generators {Z i} Z u (1 < i < n-3), Zy (1 < i < j < n-3)} 

are 

[Zi,Zj]=0 (Vi,j), 
[Z i ,Z jJ ] = (i^j), 
[Z h Z jk ] =0 (i < j < k or j < k < i), 

\Z ih Z jk \=K (i<j<k), 
[Zij , Zi k \ = (i<l<k<jori<l<j<k 

or i < j,l < k,l < I — j), 
[Zu, Zi+ij] = — [Zii,Zij] = [Zi+ij , Zi t j] = —{Zi — Zi+i, Zij] 

(l<i<i + l<j<n-3), 
[Z^, Zj + ij + i] = -[Zij+i, Zj + ij + i] = [Zi t j + i, Zij] = -[Zj - Zj+i,Z it j + i] 

(1 < i < j << n - 4). 

(17) 

The AR for the forms {Q, Qi (1 < i < n — 3), Qij < i < j < n — 3)} reads 

Ci+i,j a Ct+i,fc + Ci+i,fc a ~ Cj+i _ 0) 

- Ci+i 0) a Ci+u = o 

(l<i<j<fe<n - 3), 
(Cm + • ■ • + 0) A =0 (1 < i < j < n - 3), 

Ci+iJ A (a + (it A Cij + Cij A (Ci+1,3 + C»+i + ■ • • + 0) = o 

(1 < i < j < n- 3), 
l(Ci + --- + Ci)ACu = (l<i<n-3). 

(18) 



3 The one variable theory 

3.1 The formal KZ equation of one variable 

The formal KZ equation of one variable will be referred to as the formal 1KZ 
equation for short. It is represented as follows: 

dG = QG, f2 = QiZi + (uZu- (19) 

Here we set z = z\ and 

Z\ = A"i2, Zu = —Xi3, (i — — , Cn = ~, • 

z 1 — z 

The formal 1KZ equation is a Fuchsian differential equation on P 1 with regular 
singular points 0, 1, oo. 

The IPBR for {Z\,Zu} is trivial so that the IPB Lie algebra X is a free 
Lie algebra. That is, X = C{Zi, Zu}. The universal enveloping algebra U(X) 
is the ring of non-commutative polynomials of the variables Z\,Z\\. Namely 
U(X) = C(Zi, Zu). The unit element of U(£) will be denoted by I. 
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The Lie algebra X has grading with respect to the degree of Lie polynomials 
of Z\,Zn, and is a graded Lie algebra: 

oo 

X = X s , [X S ,X S '] C Xs-|- S ' . (20) 

The universal enveloping algebra U(X) has also grading with respect to the 
length of words of Z\,Z\\\ 

oo 

M(1) = 0W S (2), U a (X)-U s <{£)cU s+s >(X). (21) 

s=0 

The completion of U(X) with respect to this grading will be denoted as U{X). 
This is nothing but the ring of non-commutative formal power series of the 
variables Zi,Zu. That is, U(X) = C((Zi, Z\\)) . A solution to the formal 1KZ 
equation can be regarded as a function which takes the values in U(X). 

The dual Hopf algebra of U{X) is a free shuffle algebra [R] S(A) generated by 
an alphabet A = The free shuffle algebra S(A) is a non-commutative 

polynomial ring C(£i,£n) of the variables £i,£n. In this algebra we put the 
shuffle product in use, and the multiplication as the non-commutative polyno- 
mial ring (namely, the concatenation) is denoted by o. We will omit it if there is 
no worry of confusing. 1 stands for the unit element in S(A) which corresponds 
to the null word. The shuffle product is defined recursively as follows: 

luiw = wuil = l, (22) 
(cii o wi) lu (02 o 1V2) = cb\ o (w\ in (0,2 o W2)) + a-2 o ((a 1 o w±) ui ui2)- (23) 

Here a\,a% S A, and w 1 w\ 1 W2 are words in S(A). Then S(A) = (C(£o,£i),ui) 
is an associative commutative algebra [H] . 

The AR for the forms {Ci, C11} is just Ci A C11 = 0, which is the last relation 
in l|T8j) of n = 4 and trivial in this case. Let us identify 

£i=G, Cu=Cii- (24) 

Under this identification, we denote the free shuffle algebra by 5(Ci,Cn)- F° r 
a word u> = u>i o • • • o a> r £ 5(Ci, Cli) where Wj = Ci or Cn, define an iterated 

integral lu by 



1 = 1, (25) 

s Z" 2 f Z ' 

to = I loi(z') / a;2°---ow r . (26) 

Z J ZQ J Zq 

This integral defines a many valued analytic function on P 1 — {0, 1, 00} and, at 
the same time, defines a homomorphism from S(Qi, £11) to C, namely we have 



(ui mL0 2 ) = I J wi 1 I y w 2 J (27) 

for any words in S(Ci,0li). ^ n clement in S((i,(n) w iU be called an iterated 
form. 
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Next we consider the fundamental solution of the formal 1KZ equation nor- 
malized at the origin 2 = 0. Denote it by C{z). It is a solution satisfying the 
following condition: 

C(z)=C{z)z Zl (28) 

where C(z) is a function which takes the values in U(X), and holomorphic at 
z = 0, and satisfies C(Q) = I. Under the gradation oiU(X) (|2Tj) .we can represent 
C{z) as 

oo 

C(z)=J2^(z), C s (z)eU s (X), £ s (0) = (s > 0), Co(z) = I. (29) 

s=0 

It is easy to see that £ s (z) satisfies the following recursive equation: 

^± = l[Z 1 ,l s ] + -^—Z 11 C s (s = 0,1,2,...)- (30) 
ciz z 1 — z 

Since the term \\Z\ 1 C s ] is holomorphic at z = 0, £ s +i(z) is uniquely determined 

as z 

&+i(*) = / (-[Z 1 ,C s } + -^—Z 11 C s )dz. (31) 

J \Z L — Z I 

In terms of iterated integral, it is expressed as 

£a(z)= { d fcl_1 °Cn °---°Ci v_1 °Cll} 

x ad(Z 1 ) fcl -V(^n) ' ' ' ad(Z 1 ) fc ^V(^ii)(I)- (32) 

Here ad(-Zi) 6 End(W(X)) stands for the adjoint operator by Z\, and \i(Z\\) £ 
End(W(X)) the multiplication of Z\\ from the left. From these considerations, it 
follows that the fundamental solution normalized at z = exists and is unique. 

From (|32[) . it follows that C(z) is a grouplike element in t/(X): Let A : 
U{X) — > ®U{£) be the coproduct of U{%). Then one can easily show 

that 

A(£ s (z)) = t sl {z)®l S2 {z), 

Sl+S 2 =S 

which is equivalent to 

A(£(z)) = £(z)<g)£(z). 

Hence £(z) is grouplike and so is C(z). 

The iterated integral in (|32p is nothing but a multiple polylogarithm of one 
variable (MPL, for short): 

Li fcl ,..., fer (z) = / C? 1 ~ 1 °Cii°-"°Ci r " 1 °Cn- (33) 
Jo 

If |z| < 1, it has a Taylor expansion 

, »n 

Li fc ,...,,vW= £ ^^7- ( 34 ) 

m>n 3 >->n r >0 "i "" T 
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If ki > 2, we have 



lim H kl ,...,k r (z)=^(kx,...,k r ), (35) 

z— >1— 



where the right side above is the multiple zeta value: 

C(h,...,k r )= Yl Z 1 ( 36 ) 



m>->n r >0 n l "' nr 



3.2 The formal generalized 1KZ equation 

Let us consider the following differential equation which is a generalization of 
the formal 1KZ equation. For mutually distinct points oi, . . . , a m 6 C - {0} wc 

set 

dG = OG, Q= —X a + Y -^-Xi. (37) 

i— 1 

Here the coefficients Xq, X\, . . . , X m are free formal elements. For r = 1, a\ = 1, 
this is the formal 1KZ equation. This is a differential equation of Schlesinger 
type with regular singular points 0, l/a\, . . . , l/a m , oo. We call (f57j) the formal 
generalized 1KZ equation. 

Let X = C{Xq, X\, . . . , X m } be the free Lie algebra generated by 
Xq,X\, . . . ,X m . As in the case of 1KZ, X is a graded Lie algebra under the 
grading with respect to the degree of Lie polynomials. The universal enveloping 
algebra U(X) is also a graded algebra with respect to the length of words, and 
one can define the completion U{%) of U(X). A solution of this equation is a 
function which takes value in U(X). 

The dual Hopf algebra of U(X) is a free shuffle algebra S(A) generated by 
the alphabet A = {£ , £i, • • • ,£ m }- Identifying 

£o = — , Zi = T 2 ' (!<*<"») (38) 

Z 1 — CLiZ 

one can define iterated integral for an element in S(A). In that case, an element 
in S(A) will be called an iterated form. The definition of iterated integral for 
an iterated form is just the same as in the 1KZ case. 

The fundamental solution normalized at the origin z = of this equation, 
which wc denote by C(z), is a solution satisfying the following condition: 

C(z) = C(z)z x " (39) 

where C{z) is a function which takes the values in U(X), and holomorphic at 
2 = 0, and satisfies C(0) — I. One can show the existence and the uniqueness of 
the solution, and that it is a grouplike element of U(X), in a completely parallel 

oo 

way: It is represented as C(z) — *Y^£ s (z), £o(z) = I, and 

s=0 

ts{z)= L(^ ail --- kr a ir ;z) 

fciH yk r — s 

ii,...,i r e{l,...,m} 

x ad(X ) fcl ~V(*ii) ' ' ' ad(Xo) fc "-V(^J(I)- (40) 



10 



Here ad(Xo), fi(Xi) are defined in the same manner as in the 1KZ case, and 
L( kl ai 1 ■ ■ ■ kr ai r ; z) denotes a hyperlogarithm of general type, 

L( kl a il --- k *a ir ;z):= f tf 1 " 1 ° & o ^ o & o • . . o o & r . (41) 
Jo 

This is a many valued analytic function on P 1 — {0, • • • , oo}. If \z\ < 
min{ | a | , . . . , it has a Taylor expansion 

n 1 -n 2 n 2 -n 3 n r 

L^a n --^a lr -z)= £ ~ C ( 42 ) 

ni>i!2>->n r >0 

For r = 1 and ai = 1, this is nothing but MPL. The hypcrlogarithms of type 
.Mo, 5 that we need in what follows are those of m = 2, a% = 1. 



4 The formal KZ equation of two variables 

In this section, we consider the formal KZ equation of two variables in the cubic 
coordinate system, and the structure of the IPB Lie algebra for this equation. 
The tensor decomposition theorem for the universal enveloping algebra of the 
IPB Lie algebra will be proved. 



4.1 The formal KZ equation of two variables in the cubic 
coordinate system 

For n = 5, the formal KZ equation in the cubic coordinate system (|13[) reads as 
follows: 

„ „ dz-\ dz-\ dz 2 dzo d(z\Z 2 ) „ 

dG=QG, Q=—±Z 1 + - — — Zix + — Z 2 + — —Z 22 + ^ y 2 > Z 12 , 43 
z\ 1 — Z\ z 2 1 — z 2 1 - z-iz 2 

where Z\ = X\ 2 + A13 + X23, Z 2 = X 2 3, Z\\ = —A 14, Z 22 = —X\ 2 , Z\ 2 = 
—X 2 4. This will be referred to as the formal 2KZ equation hereafter. The IPBR 
for this equation are 

[Zx, Z 2 ] =[Z n , Z 2 ] = [Z u Z 22 ] = 0, (44) 
[Z\i,Z 22 ] = -[Zi 1 ,Z 12 ] = [Z 22 ,Z 12 ] = -\Z\ -Z 2 ,Z X2 ]. (45) 

The IPB Lie algebra X is defined as a quotient of the free Lie algebra £ = 
C{Zt, Z 1X , Z 2 , Z 22 , Zi 2 } by the ideal generated by the IPBR gl]), |g3J). As 
discussed in the previous section, £ and the universal enveloping algebra 
has grading with respect to the length of words. Since the IPBR is homogeneous, 
X and the universal enveloping algebra U(X) inherit the grading of £, 14(2): 

00 

X = 0X s , [X S ,X S >] CX S+S ,, (46) 

s=l 

00 

W(I) = ®W S (I), U S (X)-U S ,(X) CU S+S ,{X). (47) 

s=0 
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Put 



r dzi a 1 01 t dzi a 1 oi t Az\z 2 ) 

Ci= — ( i = 1 > 2 )) Cii = i (*=1)2), C12 = ■ (48) 

The nontrivial AR are 

C22 A C11 + C11 A C12 + C12 A (C22 + Ca) = 0, (49) 
(Ci + C2) A C12 = 0. (50) 

In terms of Q , Qj , is expressed as 

Q = C1Z1 + (nZn + ( 2 Z 2 + C, 22 Z 22 + C12Z12 e D^QogD) ® Wi(3E) (51) 

where f2x(l°S-^) stands for the space of differential one-forms on X = P 1 x P 1 
with logarithmic poles along the divisors D = {z\ = 0, 1, 00} U {z 2 = 0, 1, 00} U 
{ Zl z 2 = 1}. From IPBR flU]), g5J and AR gSJ), J5UD, it follows that 12 A ft = 0. 
Hence the formal 2KZ equation is an fntegrable system on X. A solution of the 
formal 2KZ equation is a many valued analytic function onX-fl with values 
in U{X) (= the completion of U{X) with respect to the above grading). 

Note that the divisors D are normal crossing at [z\, z 2 ) = (0, 0), (1, 0), (0, 1). 



(0,1) 



(0,0) 




(1,0) 



4.2 The tensor product decomposition theorem for U(X) 

Next we will consider the tensor product decomposition theorem for U(X). 

Let X^ 2 (rcsp. X^ 2 ) be a subalgebra of X generated by {Zi, Zn, Z\ 2 } 
(resp. {Z 2 ,Z 22 }). Since there exists no relation among {Z\, Z\\, Zyz}, 
(resp.{Z 2 , Z 22 }), they are free Lie algebras. Similarly set X^gi (rcsp. X 2 ^ : ) 
as the subalgebra generated by {Z 2 , Z 22 , Z 12 ) (resp. {Zi, Zu}). They are also 
free Lie algebras: 



»(<i) 



C{Zi 1 , Zi 1 i 1 , Zi 2 }, X 



(*2) 



C{Z i2 ,Z i2i2 } ({Ma} = {1,2}). 



For each 21 = X, X 



(ii) 



(52) 



8l2 , we denote by W (21) the universal enveloping 
algebra of 21. They are graded algebras; 



w(2i) = 0Z4(2i), w a (a) = w(a) n« s (i). 



s=0 
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We also denote by W(2l) the set of all words of U(SL), by W°(2t) the set of 
all words which do not end with Z 1 ,Z 2 . Put W s (2t) = W(2t) nW s (2l) and 
W°(2l) = W°(2t) nW s (a). Then we have the following proposition: 

Proposition 2 (Tensor product decomposition for U(X)). (i) The Lie alge- 
bras (|5*2)) satisfy 

[sSL.a&J C sg 1 ^ ({*i,i a } - {1,2}). (53) 



(ii) As vector spaces, we have, for i 2 } = {1, 2}, 

W(X)=W(X^ 2 )®W(X^ 2 )- (55) 

In particular, the sets {W{W 3 \ W x G W(X^ l2 ), W 2 G W(X\{% 2 )} 
({h, = {1, 2}) give a basis of U(3C), respectively. 

Proof, (i) From we have 

[Z\, Z 2 \ = [Zn, Z 2 \ = G 3^,2' 

and from (l45l) 



[Zi 2 , Z 2 ] — [Zi 2 ,Zi] — [Zi 2 ,Zn] G X x 



(i) 



For Ai,A 2 G X^ 2 , we have 



[Z 2 , [A U A 2 ]] = [A,, [Z 2 , A 2 }} + [[Z 2 , A 1 ],A 2 }. 

Hence one can show that [X^ 2 >^2] C X^ 2 by induction on the degree of 

elements in X^ 2 - 

Next, form gU), [Z u Z 22 ] = 0, and from (|15]) 



[Zu, Z 22 ] — [Z12, Zn] G X^ 2 , [Z12, Z 22 ] — —[Z12, Zn] G 

so that 

r/y»(l) ^ I -v»(l) 

L X 1®2> ^22j C- -*-l®2- 

By induction on the degree of elements in X^ 2 , one can show that 



L-*"lig>2' ^1<2>2J ^ 



02- 



Similarly one can prove [^2®!,^^] C X^i- 

(ii) This is clear from (i) and the standard argument of universal enveloping 
algebras. □ 



5 The reduced bar algebra 

Let IA(X) be the universal enveloping algebra discussed in the previous section. 
In this section, we introduce an algebra of differential forms which is a dual 
Hopf algebra of 14 (X). Since IA(X) is a quotient algebra of the non-commutative 
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polynomial algebra, its dual is a subalgebra of the free shuffle algebra. In fact, 
it is an algebra consisting of differential forms satisfying Chen's integrability 
condition. Iterated integrals associated with such forms depends on only the 
homotopy class of the integration contours. 

The algebra will be referred to as the reduced bar algebra. It coincides 
with the 0-th cohomology of the reduced bar complex |Cl| . [Ha] .[B] of the Orlik- 
Solomon algebra associated with the hypcrplancs arrangement associated with 
the Dynkin diagram of type A± [OS], |OT| . 

5.1 Chen's integrability condition and the reduced bar al- 
gebra 

Let A = {Ci, C117 C2, C22, C12} be an alphabet and S(A) = (C{A),lu) be a free 
shuffle algebra in A. We denote by o the usual product by concatenation of S(A) 
and lu the shuffle product of S(A). S(A) = ©^1 S S (A) is a graded uj-algebra 
with respect to the length of words. Let A* be a coproduct, e* a counit and S* 
an antipodc of S(A) defined by 

s 

A*(Wi 1 o • • • o (jj is ) = yifaii ° ' ' ' ° ® + i ' ' ' W 'iJ' ( 56 ) 
1=0 

e*(wii o-.-owiJ =0, (57) 
S*(wi 1 o • • • o uj is ) = (-l) s (uj is o • • • o aj. h ). (58) 

where tOi e A. Then (S(A),ui,l,A*,e*,S*) is a commutative graded Hopf 
algebra. 

Let £ = C{Zi, Zix, Z2, Z22, Z12} be a free Lie algebra and fy = U(Z) the 
universal enveloping algebra of £. They are graded (Lie) algebras: £ = ffi^L 1 £ s , 
Sj = ffi^Lo-fts- is a restricted dual Hopf algebra of S(A) by identifying the 
dual elements of (Z t , Z n , Z 2 , ^22, Z 12 ) with (Ci, Cii> C2, C22, Cia)- 

Identifying the letters Ci>---)Ci2 with differential forms through Q48|). we 
will call an element of S(A) an iterated form. 

Definition 3 (Chen's integrability condition). We say that an iterated form 

tp = 2J ci uj^ o ■ ■ ■ o aj is e S S (A) 
i={h,...,i s } 

(where each uji a € A, Ci € C) satisfies Chen's integrability condition if, for all 
I (1 < I < s), 

V cj w it ® • • • <g> w i; A u> il+1 ® • • ■ (g) cj 1s =0 (59) 
/ 

holds as a multiple differential form. 

Let B be a subspace of S(A) spanned by elements satisfying Chen's inte- 
grability condition. B also have the grading B = ®^L ^ s > B s — B D S S (A) 
as vector space. We obtain Bq = CI, Bi = C(i © CC11 © CC2 © CC22 © CC12 
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clearly and B 2 is a 19 dimensional vector space given by 



B 2 = 0Cwo W ®0c( i o Cu e cc lt o o 

w£A i=l,2 i=l,2 

© C(wiOW2 + W 2 OWl)© C((J o Cl2 + Cl2 OU)) 

© c(Ci o C12 + C2 o C12) © c(di o C12 + C22 o Cn - C22 o C12 - C2 o C12) (60) 

by the AR (|49[) and ([50")) . Furthermore we have 

s-1 s-2 

B s = p| o B s _j = p| Bi q ■ ■ ■ o Bi oB 2 o Bi o • ■ ■ o Bi (61) 

7 — 1 1=0 V V 

J 3 times s— j — 2 times 

for s > 2 |Bj. (B, hi, 1, A*, e* , S*) is a graded Hopf subalgebra of S{A) and 
B is referred to the reduced bar algebra. In this notation, Q (j5Tj) belongs to 
Bi®Wi(2). 

Now let a 2 = C[Zi, Z 2 ] + C[Zx, Z 22 ] + C[Z n , Z 2 ] + C([Z n , Z 22 ] + [Z U , Z 12 ]) + 
C([Z 1U Z 22 ] + [Z 12 , Z 22 ]) + C([Zu,Zaa] + [Zi - Z 2 , Z 12 ]) be a subspacc of £ 2 
and 3 (resp. 5) be an ideal of £ (resp. a two sided ideal of Sj) generated by J 2 . 
Then X = £/3 and «(£) = 

Proposition 4 ([B]). U(3L) is a graded restricted dual Hopf algebra of B. 

For the proof we need the following lemma. 
Lemma 5. 

(Bi o • • • o Bi oB 2 o Bi o • • • o Bi) ± n io s = ^i_i5 2 i5 s -i-i 

/ — 1 times s — I— 1 times 

Proof. Let 

{Cn ° ' ' ' ° Cii-i ° f Ci i+ i ° • • • ° Ci s I ifc e {1, 11, 2, 22, 12}, <p G the basis of B 2 } 

be a basis of Bi o ■ • • o Bi o B 2 o Bi o ■ • • o Bi . An element of Sj s which is orthogonal to 
Cu°' ' ■°Ci;-i ^ Cii + i°- • -°C». can be expressed as Z h o- ■ •oZi,_ 1 o$o^, +1 o- • -oZ is , 
for some $ G f) 2 such that < <£, >= 0. On the other hand, we obtain 
B 2 nf) 2 = Z2 by counting the dimensions. We have thus proved the lemma. □ 

Proof of Proposition^ Since 3 S = J2"i=i #/-i32-Q«-J-i C?2 = 3 2 ), the lemma 
tells that 3 is the orthogonal complement of B. Hence £Y(X) = S)/2 is a dual 
Hopf algebra of B. □ 

5.2 Iterated integral of two variable 

For an iterated form 

tp= c/w n o • • ■ o w la G B s (uJi k G Bi), 

/={»!,...,<„} 
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wc define iterated integral / ip as follows: From B s C B\ o B s -±, we can write 

ti 7' = {i 2 ,...,i s } 

as LUi 1 <E Si, X)/' c ii,i' ° • • ' ° S B a -i- Then wc define 
/ 1=1 (constant function), 

i(4 0, ,4 0) ) 

(62) 

where LOi 1 (z' 1 , z' 2 ) stands for the form of dz' 1 ,dz' 2 defined by displacing Z\,Z2 to 
z'i , z' 2 in LUi 1 . The iterated integral of ip € B yields a many- valued analytic 
function onX-fl by the lemma due to Chen. 

Lemma 6 (Chen's lemma [C2j ). For any iterated form ip £ B, the value of 
the iterated integral of ip depends on only the homotopy class of the integral 
contour. 

Moreover, in a similar fashion of one variable, the iterated integral is lu- 
homomorphism namely 

J (piUltp 2 = (J Cpi^j (^J ip-^j 

for all tp\,tp>2 £ B. 



5.3 The tensor product decomposition of B and two spe- 
cific contours C m2 -,C 2 ®i 

We denote by S^ 2 and B^ 2 ( res P- #2®i and £?2®i) the dual Hopf algebra of 
U(X^ 2 ) and U{X^ 2 ) (resp. ^(J^) andM(4gi))' By virtue of Proposition^ 
we have already U(X) = U(X^ 2 )®U{X^ 2 ) = U{X 2 2 ^ 1 )®U(X I 2 1 ^ 1 ). Furthermore 
Proposition^] says that U(X) and B are dual to each other. Therefore B satisfies 
the tensor decomposition through the duality 

B = B%®B { ^ 2 s B^i®B^ v (63) 

On the other hand, since U(X^ 2 ) and U(X^ 2 ) (resp. U(X 2 2 ^ 1 ) and U(X 2 1 ( ^ )1 )) 
are universal enveloping algebra of a free Lie algebra, their dual Hopf algebras 
B[^ 2 and Bi§ 2 ( res P- S^ and 6 2 ®i) are isomorphic to the free shuffle alge- 
bras S(A{%) and S(A[%) (resp. S(4^) and 5(4^)). Where S(A^ 2 ) and 
S^i^a) (resp. S{A 2 2 ^ 1 ) and iS(4®i)) are lree shuffle algebras generated by al- 
phabets A{% = {Ci, Cii, d ( 2 } } and A% = {( 2 , C22} (resp. 4^ = {C2, C22, $} 
and 4(3i = {Cii Ci 1 } ) ■ We identify the letter ^2 as a differential form 

1 - 212 



16 



and note that £12 = C12 + C12 ■ We have the following lemma. 

Lemma 7. There is a natural isomorphism preserving the gradings as a vector 
space, 

B = S(A$> 2 ) ® S{A™ 2 ) - S(A^) ® 5(42i)- (64) 

Next we define linear projections Prj^ 2 : S(A) -> S(A^ 2 ) ({ii,i 2 } = 
{1,2}, ifc G {1,2}) as follows: For ifc = £1, send dzi 2 to 0, and for ik = «2, send 
dzi 1 to 0. 

Definition 8. We define linear maps t 4l ® 42 : B —> S(Ay^ ia ) ® £(-A;*^ ia ) by 

)oA*. (65) 

Namely £4^2 (resp. f-2<g>i) is the projection picking up components which 
have the form that all (1,(11,(12 (resp. (2,(22,(12) appear in the left of all 
(2,(22 (resp. £1,(11). Since Prj^ 2 and A* are in-algcbra homomorphisms, so 
are t m2 and t 2 ®i- 

Proposition 9. i 19i : B - S(A{%)® S(a[% 2 ), i 2m : B - S(4®i) ® 
are both uj-algebra isomorphisms. 

Proof. We prove that ti® 2 is an isomorphism. From Lemma dimB s = 

dim (s(A^ 2 ) ® S(A < ^ l2 ) S j and ii®2 preserves the grading. Hence it is enough 

to prove that l s := £102 |b s is injective. We show ker(t s ) = by induction on s. 

For s = and 1, ker(t s ) = is clear. For s = 2, we can show by direct 
calculation. For s > 3, we assume ker(t s _i) = 0. Set 

Si®2, s {A) := {(pES s (A) I In all the terms of tp, 

(2 or (22 appears in the left side of some (1, (11, C12}, 
Sg ((2, C22) ~ {p S «S s (yl) I 93 is a linear combination of words 

which have at least one (1, (n, (12}- 

Then ker(t s ) = B s n Si 02 ,s(^)- 

Put 95 £ ker(i s ). Since </? £ S l i ( gi2 lS (A), (/? can be written as 

P = (l Pi + Cll </>ll + Cl2 <£l2 + C2 ^2 + C22 P22, 

here px,Pxx, P12 G Si^s-i^), ^2,^22 £ Ss-i(C2, (22)- On the other hand, 
from the assumption, <pi, </?n, <y9i2 £ B s _i n Si^a-iC^) = ker(i s _i) = and 

V = C2 P2 + C22 P22- 

From the following lemma, we have (p = 0, and the proof is completed. □ 

Lemma 10. Assume that <p 6 B s r\(Sx(C2,6i2)°S a -x(A)). Then tp £ .^((2, (22)- 

Proof. The lemma can be proved easily by direct calculation for £>2 and by 
induction on s. □ 



(p r (n) 



® Pr, 



(*0 
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We denote by B° (resp. S°(A), S°(A%), S°(A™ 2 ), S°(4&), S°(4Si)) 

the subspace of S (resp. S(4), S(4&), S(42 2 ), S(42i).S(4§i)) spanned 
by elements which do not have the component terminated by £1 or £2- Clearly 



B° is a iii-subalgebra of i3. We note that / ip can be defined for ip £ B°. 

J(o,o) 

For B° we have the following corollary. 



Corollary 11. u im : £° - S°(A[% 2 ) ® 5°(^ 2 ), l2g)1 : S° -► S°(4&) ® 
^°(-^2®i) are both Hi-algebra isomorphisms. 

Proof. One can see easily L n ® l2 {B°) C S Vi^sL ) «> (4^; 2 ) by the definition 

of B and dim 5° = dim (s (A^J <g> S°(4^; 2 )) by the duality between 

W(3C) and £>. Hence the corollary holds. □ 

Assume that < | z\ | , | z 2 \ < 1 and consider the following two contours 
C\®2, C 2 ®\ : (0,0) (zi,z 2 ). 




^1®2 — W<»2 °lig)2; 

Cg 2 : (0,0)-. (0,%), 
C$ a :(0,*a) -(*i,2Sa). 



C 



2<g)l 



r (2) r (l) 



<?$i : (0,0) -(^,0), 
CiZ : (z 1 ,0)^(z 1 ,z 2 ). 



(0,0) 



(1,0) 



Here the composition of paths C o C" is defined by connecting C after C". 



For -01 ® "02 e <S°(4® 2 ) ® S°(4®2)> the integral / 0i ® 02 is defined by 



.(2) 



C*l®2 

01 ® 02 := / 01 / 02 
Jz 1= Jz 2 =0 



and for 0i 2 G 5' (A 2 ^ 1 ) ® £°(4»i), the integral / 0i ® 2 is defined 



by 



/•Z2 /-Zl 

01 ® 02 := / 01 / 02- 

C21S1I J Z 2 =0 J Z\=0 
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Since the map ti®2 (resp. t2®i) picks up the terms of B° whose iterated integral 
along C102 (resp. C2®i) does not vanish, we have 

{ z l,z 2 ) p(zi,z 2 ) r 

<P= / Lim(f) = / t-imif) (66) 



(0,0) J (0,0) Jc im 

(zi,z 2 ) i- 

tv®i(<p) = / t2®i(p) (67) 



(0,0) Jc 2 



®1 



for (yj e 23°. 

5.4 Injectivity of the iterated integral of two variables 

r(zi,z 2 ) 

The iterated integral / defines an algebra homomorphism from (B°,in) 

.7(0,0) 

to the algebra of all many valued analytic functions onX-D. We denote by T 
the image of this homomorphism. By using the result of Brown([B], Theorem 
3.26), we have the following claim. 



r(zi.z 2 ) 

Proposition 12. / : (B°, ui) -> T is an algebra isomorphism, 

./(o.o) 



"(zi,z 2 ) 
'(0,0) 

From l|6"6")) and (|67p. we have 



(zi-z 2 ) r- Az u z 2 ) 

= ° ii«.2, / = / ° i 2 ®i. (68) 

(0,0) JCi 82 J (0,0) Jc 2m 

By Corollary I 111 ti<g>2 , ^2<sii are isomorphisms, so that we have the following. 

Corollary 13. The integrals 

J Ci® 2 J C 2 ^i 

are injective. 

6 The normalized fundamental solution to the 
formal 2KZ equation 

In this section, we construct the fundamental solution of the formal 2KZ equa- 
tion normalized at the origin and prove the decomposition theorem for that. 

6.1 Existence and uniqueness of the normalized funda- 
mental solution 

Let us define S2q and Si' by 

Si = (1Z1 + ( 2 Z 2 , Si' = Si - Si = ( n Z n + C22Z22 + C12Z12. (69) 
Namely Sig is the singular part of Si at (0,0) and SI' the regular part. 
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The fundamental solution normalized at (0, 0) of the formal 2KZ equation 
is, by definition, 

oo 

C{z x ,z 2 ) = C(zi,z 2 )zf 1 z% 2 , C(zi,z 2 ) = y"]£ s (zi,Z2), (70) 

s=0 

where C s (z\,z 2 ) is a ^/ s (X)-valued many- valued analytic function holomorphic 
in a neighborhood of (0,0) and Cq{zi,z 2 ) = I, £ s (0,0) = (s > 0). 
From [Zx, Z 2 ] = [Z U Z 22 ] = [Z 1U Z 2 ] = 0, C(zi,z 2 ) satisfies 

dt{z x , z 2 ) = [H , l{z x , z 2 )\ + Q'jC{ Zi ,z 2 ). (71) 

This is equivalent to the recursive differential relations 

dt s+1 {zi,z 2 ) = [f2 Q ,l s {z x ,z 2 )} + n't s {zi,z 2 ) (s = 0,1,2,...). (72) 

Since di? = cW = 0, J? A i? = 0,_ J? A Q' + Q' A f2 Q + Q' A Q' = 0, JZH 
is an integrable system. Note that, if £ s (0,0) = 0, the right hand side of (|7Tj) 
is holomorphic at (0,0) (See the discussion in Section l3Tj) . thus {£ s (zi, z 2 )} 
should be represented by iterated integral as follows: 

Proposition 14. There exists uniquely the fundamental solution of the formal 
2KZ equation normalized at the origin: It is expressed as 

00 

C(zi,z 2 ) = L{zi,z 2 )z^z% 2 , t{zi,z 2 ) = 22C 3 (zi,z 2 ), 

s=0 

C s (z u z 2 )= [ ( 11 ^ (ad(l2 ) + M (^')) S (l«'I), (73) 

"'(0,0) 

where the actions ad and /1 on S(A) (g) W(X) stand for 

ad(w®X)(v3®F) = (ujoip) <g> [X,F], 
(8 X)(v? ® F) = {ijj o 93) (g> IF 

for ip ® F e S(A) ® W(X), w^IeBj®! 

Proposition 15. For each s > 0, ( ad^oHM^'))^ 1 ® 1 ) belongs to B°®U(X). 
Proof. We prove by induction on s. Let Pi be a map defined by 

Pi ClUJ ii ' ' ' OUJ i s ) = C/Wij (g> • • • (g) w i( A cu il + 1 <g> w is 

and flM = ( ad(/2 ) + n(fl')) s (l ® I). 

For s = 0, 1, J?'- 5 ) G i3° ® W(X) is clear. For s > 1, it is sufficient to prove 
Pi(fiW) = 0. Since 

I2 (s) = [12b [/2 , ^ (s ~ 2) ]] + [flo, ^'r2 (s ~ 2) ] + f*'[n , & s - 2) ] + Q'Q'Q^- 2 ^ 

and 

Pi([^ [^o, ^ (s ~ 2) ]]) = Pi([f2o, n'n is - 2) ]+n'[{2o, r2 (s - 2) ]) = p^n' 'n' 'q (s ~ 2) ) 

= 

by direct computation, we get P\{Q^ S ') =0. □ 
The fundamental solution C(z\, z 2 ) is a grouplikc clement of U(X). 
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6.2 The decomposition theorem of the normalized funda- 
mental solution 

We consider the following four formal (generalized) 1KZ equation. Here we 
denote by d zi (resp. d Z2 ) the exterior differentiation by the variable z\ (resp. 

Z 2 ). 



d Zl G(z 1 ,z 2 ) = Q[2 2 G(z 1 ,z 2 ), 4^2 = CiZ 1 + <:iiZ 1 i + C^Z 12 , (74) 

d Z2 G(z 2 ) = n[ 2 ^G(z 2 ), n { ^ 2 = ( 2 Z 2 + ( 22 Z 22 , (75) 

d Z2 G(z u z 2 ) = !%* x G(zx, z 2 ), = t 2 Z 2 + Q 22 Z 22 + $ Z 12 , (76) 

d Zl G{ Zl ) = Q^Gizt), 4^ = CiZi + Cii^ii- (77) 

The fundamental solution normalized at the origin (See Section I5TT1 and to 
each equation is denoted by 



Mik) _ Mik) Z i, 
> "i 1 0i2 ii<g>i 2 ik 



Mik) _ Mik) Mik) 

il£2>i 2 / j ii 9>i->. -s 1 ii®iz,s 



(s > 0) 

1 (8 = 0). 



Proposition 16 (The decomposition theorem for the normalized fundamental 
solution). 

(i) The fundamental solution C{z\, z 2 ) of the formal 2KZ equation (|43|) nor- 
malized at the origin is decomposed to product of normalized fundamental 
solutions of the formal 1KZ equations as 

C{ZX,Z 2 ) = C(z\, Z^zf 1 zf 2 = -Ci® 2 ^i®2 Z f l2; f 2 = ^l®2^1®2 (78) 

-(2) Mi) 
-2®l i -2®l 



M2) Mi) _Zi 7 z 2 _ M2) Mi) (7Q] 

/ -2(»1''-'2®1 Z 1 z 2 — i -2®l''-2®l- V a 7 



(ii) Conversely if the decomposition 



£(zi, z 2 ) — G-^^G^ 2 ^ 

holds, where G^i 2 = z i k <k is a W ( X !^ 2 )-valued analytic function 

normalized at z lk = 0, we have G^* 2 = £ ii®i 2 - 

Proof. (i) It is easy to prove £^ 2 £igj2 an d ^-2®i^-2®i are both the normalized 
fundamental solution of the formal 2KZ equation. 

(2) * Z (2) 

(ii) Since G\^ 2 — £(0, z 2 )z 2 2 and £-[^2 are both the fundamental solution 

(2) ( 2 ) 

of (75|), G^ 2 = £^ 2 by virtue of the uniqueness of the fundamental 
solution. Furthermore, the uniqueness of the fundamental solution of (|74p 

implies G^ 2 (= C(z u z 2 )Gfl 2 1 ) = 4® 2 - 

□ 
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7 The contour Ci®2, £201 and the decomposition 
theorem 

In this section, we interpret the decomposition theorem (Proposition ! 16p through 
the iterated integrals along the path Ci®2, C^i- 

7.1 The hyperlogarithms of type .Mo, 5 an d multiple poly- 
logarithms of two variables 

We discuss hyperlogarithms which appear in the decomposition theorem. 

Forany words ^ = C 1 fel ~ 1 ° ^io...oC 1 A; '- 1 ocj r e S (A[%) ( Wi G {Cn,Ci2 ) })> 
we set 

f z i rjn.i-n.2 n 2 -n 3 n r 

L(v, Zl ):= <p= Y, ~ ST S-^^ ( 8 °) 

Jo ^ ^ n re? 1 • • • n* r 

" ni>ri 2 >--->ri,.>0 J- ' 

where, in the right hand side, if u>i = (n (resp. cj,; = C12 )> a i = 1 (resp. on = 
z-2). This is referred to as a hyperlogarithm of type .Mo, 5 £( fel ai • • • kr a r ; z\). 

Especially for u>x = . . . = u>i = £11 and Wj+i = . . . = coj+j = Q2 ( a i = ■ • • = 
a, = 1 and ctj+i = • • • = = ^2), we put 

Lifc lr ..,fc i+ , (*, i; 21, 22) := 1 • • • fe! i fcl+1 ^2 ■ • • fc!+3 z 2 ; zi) (81) 



E 



-1 *2 



n, 1 >n2>--->n r >0 i 

We call this multiple polylogarithm of two variables of the main variable z\ 
(2MPL of z\, for short). The subscript {k\, . . . , is referred to as the index 
of the 2MPL and the pair of numbers as the numbering of the 2MPL. 

For j = 0, Lifc lj ... i fe j (i, 0; z\, Z2) = Lifci,...,fe i (^i) is a multiple polylogarithm of 
one variable (see Section |3.1[) and for i — 0, we have Life^.. t. (0, j; Zi, Z2) = 
Lifci,...,fej (ziz 2 ). 

Using the series expansion (j8T|) . we have 

Proposition 17. Li^ k t+j (h j] z ii z 2) satisfies the following differential recur- 
sive relations. 

^j-Li feli ... ifci+3 (i,j;zi,z 2 ) 
Z2 

Life 2 ,....fc J -(0, j - l;z 1 ,z 2 ) (i = 0,ki = 1), 

< -j— — Lifc 2 k i+j (i - 1, j;zi,Z2) (i>0, fci = l), (82) 

1 Zl 

— Li kl _i k k (i,j;z 1 ,Z2) (h > 1), 

Zl 
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Li fe2i ... ife ,(0, j ~ l;zx,z 2 ) 



1 - Z1Z2 



(i = 0,Ai = l), 



1-za 



1 



l-z 2 



Life 1: ...,fc i ,fc s+2 ,fc i+J (« - l,j;zi,z 2 ) 



1 



Li 



I Li 

22 



"-2 



fci,...,* 4 ,fc i+ i-i,fc i+ 2,...,fct +J (»ii; ^1,^2) 



Li; 21,22) (i> 0,^+1 = 1), 
(fei+i > 1). 

(83) 



From the iterated integral expression (|5D|) . we have the following claim as 
for the analytic continuation of hyperlogarithms of type .Mo, 5- 

Proposition 18. Hyperlogarithms of type .Mo, 5 is a single- valued holomorphic 
function in some neighborhood of {(21,22) G P 1 x P 1 \z\\ < 1, 122I < 1} and 
(21,22) = (0,1)- In particular, if |zi| is small enough, they can be continued 
analytically with respect to the parameter 22 from 22 = to 22 = 1 . 



7.2 Calculation of the iterated integral on the normalized 
fundamental solution and the decomposition theorem 

We calculate the normalized fundamental solution of the formal 2KZ equation 
by iterated integral (fT3"|) on the contour G\®2 (resp. C201) and show that the 
result is equal to the decomposition l[75|) (resp. (J75J)). 

Proposition 19. 

(ad(^ ) + M(^')) S (l»I) 



C-2 Q 



= E E L(0\2 2 (W');z 1 )L(e^ 2 (W");z 2 ) a(W')a(W")(I), 

s>+s" = s W 'gW»(sW a ) 

VK"ew°„(x^ 2 ) 

(84) 

(ad(^ ) + M (/?')) S (l®I) 

ji 

E iCSi^Oj^i^!^");^) a(W')a(W")(I). 

(i) 

(85) 



s'-\-s"—s 



Here a stands for the algebra homomorphism a : U(X) —* End(£Y(X)) defined 

by 

a : (Zi, Z n , Z 2 , Z 22 , Z12) h-> (ad(Zi), fx(Z n ), &d(Z 2 ), n(Z 22 ), ^{Zi 2 )) 



and f) (%k > 
ancl %«>j 2 



: W(X-^ ia ) — > ) is a map which gives the duality; it is defined 

by the displacement of letters 

/)(*»=) / 7 \ /■ / 7 \ /■ M* 1 ) (7 \ — 
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Proof. We can prove this by induction on s and direct calculation. □ 
We have the following corollary. 

Corollary 20. The expression ((84)) (resp. ((85]) ) is equal to the decomposition 
dZSD (rcsp. ATS}). 

Proof. From [Zi,t/(X^ 2 )] =0, we have 

a{W')a(W")(I)=(a(W')(I))(a(W")(l)) 

for W G W°(X^ 2 ) and W" G W°(X^ 2 ). Therefore 
t(z 1 ,z 2 ) 

= {^L{0 { V 2 {Wy, Zl ) a {W'){l)^ ^L{6^ 2 {W'')-z 2 )a{W''){l)^ . 

From Proposition [in] (p}, it follows that, in the right hand side above, the left 
factor (resp. the right factor) coincides with C^{1 2 (resp. £i® 2 ). □ 

7.3 The generalized harmonic product relations of hyper- 
logarithms 

Lemma 21. Both 

{a(W')a{W")(l) | W e W°(X« 2 ), W" G W°(X^ 2 )}, (86) 
{a{W')a{W"){l) | W> e W ^), W" e W°(Sgi)} ( 87 ) 

are linearly independent sets in IA(X). 

Proof. We consider the first case. Let W 6 W°(X^ 2 ) and VF" G W°(X^ 2 ). 

From [Zi,W(4§ a )] = 0, there exists € W(X« 2 ), i^, w „ € 

such that 



a{W')a{W")(l) = W'W" + £ A^^^Z; 



(*,j)^(0,0) 

Since W(X) is isomorphic to iY(X^2) ® ^(^1^2) as a vec tor space, the set 
{W'W"\W G W(X^ 2 ), W" G W(X^ 2 )} is a linearly independent set, so 
is dSBJ. □ 



According to Proposition m>l the degree s part of £(21, z 2 ) is represented as 
&(*i,z a ) = J2 E i(<2(W / ')^i)i(< 2 (^");^)a(^')a(M/")(I) 

s'+s"=s W'eW°,(3E^ 2 ) 

w"ew°„(x™ 2 ) 

(88) 

= E E £(fSi(^);*)i(42i(w");*i)«(w r, )«(w r,, )(i). 

S'+S"=S w , eW /{x (2^ ) 

(89) 
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As each tensor components of U{%) of and (|89[) are linearly independent, 
by comparing coefficients of a(W')a(W")(T) of both sides, we can get various 
relations of hyperlogarithms of type .Mo, 5- 
Putting 

V (W', W") = qlMUw') ® 8fU W ")) e B " 
for W G W°(X^ 2 ), W" G W°(X^ 2 ), we have 

neatefl*", w")) = (so) 

and 

£ s (z!,z 2 )= E E f (ZUZl \(W\W") a(W')a(W")(I). (91) 

W"eW s °„(3£^ 2 ) 

Furthermore from Proposition 1 121 we obtain 

(ad(0))+M^)r(l®IH E E v(W',W")a(W')a(W")(I)- 

w"ew s °„(x^ 2 ) 

(92) 

Theorem 22 (Genelarized harmonic product relations of hyperlogarithms of 
type M.0,5)- The comparison of the coefficients in the decomposition ([75)1 and 
([79| is equal to 

L(6^ 2 (W');z 1 )L(e^ 2 (W"y,z 2 )= [ l 2 ®i(v(W ,W")) (93) 

for each W' G W°(X« 2 ), W" G W°(X^ 2 ). 

We call (|93[) the generalized harmonic product relations of hyperlogarithms 
of type .Mo. 5- In Section 18.21 we show the system of the relations contains 
properly the harmonic product of 2MPLs. 

7.4 Examples of the generalized harmonic product rela- 
tions 

We show some examples of the generalized harmonic product relations. 
7.4.1 The relations generated by £ 2 (zi,z 2 ) 

Computing the iterated integral of £ 2 (zi, z 2 ) along the contour C\^ 2 , we obtain 

C 2 (zi,z 2 ) C = 2 Li 2 (zi)[Zi, Zn] +Li 2 (z 1 z 2 )[Z 1 ,Z 12 ] + Li 1A (z 1 )Z* 1 

+ Lii 4 (l, 1; zi, z 2 )ZnZi 2 + L( 1 z 2 1 l; zx)Z 12 Zn + Lii tl (ziZ 2 )Zf 2 
+ Lii(zi) Lii(z 2 )ZnZ 22 + Lii(ziz 2 ) Lii(z 2 )Zi 2 Z 22 
+ lA 2 {z 2 )[Z 2 , Z 22 \ + Li M (z 2 )Zf 2 . 

This certainly coincides with the degree 2 part of the decomposition £^ 2 £^ 2 , 
and yields the following two nontrivial relations of hyperlogarithms. 
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• The coefficients of Z\\Z\ 2 

ip(Z 11 Z 12 ,T) = Cn o (12 + C22 Cn _ C22 C12 - C2 C12 and the relation is 

Lii ! i(l,l;zi,z 2 ) = Lii(z 2 ) Lii(zi) - Li ia (l, 1; z 2 , Z\) - Li 2 (0, 1; z 2 , Z\). 

(94) 

• The coefficients of Z\ 2 Z\\ 

ip(Z 12 Z 1 i,I) = C12 C11 - C22 Cn + C22 C12 + C2 C12 and the relation is 

L( 1 z 2 1 l; zi) = Lii(0, 1; z 2 , zi) Lii(zi) - Lii(z 2 ) Lii(zi) 

+ Lii,i(l, 1; z 2 , Zl ) + Li a (0, 1; z 2 , z x ). (95) 

This relation is obtained by the shuffle product C12WC11 = Ci2 Cn+Cii°Ci2 
and JMJ). 

We note that the coefficients of Z\ 2 Z 22 also yields nontrivial relation, but, 
the relation can be obtained by interchanging the variable z\ and z 2 in the 
previous two relations. 

7.4.2 The relation of the coefficients of a(Z 12 Z 11 Z 12 )a{\){\) 
The coefficient of a(Zi 2 ZuZi 2 )a(I)(I) in ([84")) is L( 1 z 2 1 l 1 z 2 ; z\) and we obtain 
ip(Z 12 ZuZ 12 , 1) = C12 C11 C12 + C12 C22 C11 - C12 C22 C12 

- C12 C2 C12 - C22 Cn C12 + C22 C12 Cn 

+ 2C22 C2 Cl2 - 2C22 C22 Cll + 2(22 C22 Cl2- 

The generalized harmonic product relation of this case is 

L( 1 z 2 1 l 1 z 2 ;z 1 ) = -2Lii_i(z 2 )Lii(zi) + 2 Lii,i,i(2, 1; z 2 , 21) + 2 Lii, 2 (l, 1; z 2 , Zi) 
+ L( 1 zi 1 l; z 2 ) Lii(zi) + Lii.i(l, 1; z 2 , 21) Lii(zi) 
- L( 1 z 1 1 l 1 z 1 ;z 2 ) -Lii. 2 (0, 2:22,2!). 

7.5 Connection problem for the solutions of the formal 
2KZ equation and the decomposition theorem 

We denote by £(° ,0 '(2i, z 2 ) — £(zi, z 2 ) the fundamental solution of the formal 
2KZ equation normalized at (21, z 2 ) = (0,0) and 

C^ Q \z 1 ,z 2 ) = C^\z l: z 2 ){l-z l )- z ^z^ 

normalized at (1,0), where C^ 1,0 '(zi,z 2 ) is holomorphic on some neighborhood 
of (1,0) and £( 1 '°)(1,0) = I. According to Proposition [TBI we can write 
C^' Q \z!,z 2 ) and C^' \ Zl ,z 2 ) as 

r(°,0){* y \ - /'( 2 ).(°>°)/'( 1 ).(°> ) 

riXfi)( v v \ - r(2)-(i,o) 

>- (Zl , 6 2 ) — i-2®l 1 

where, £ 2 ®i" ' ^ (resp. £ 2 ®i 1 ' ^) is Z-/(X 2 ^ 1 )-valued analytic function normalized 
at 2 2 = and £2®'/°'°^ (resp. C^'^ 1 ' ^) is ^(X^-J-valued analytic function 
normalized at z\ — (resp. z\ = 1). 
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By virtue of Proposition [TO1 (|u)). Proposition IT51 and the connection problem 
for the formal 1KZ equation, we have 

~(2),(0,0) _ r (2),(l,0) 
*-2®l ~~ *-2®l i 

r (l),(0,0) _ r (l),(l,0) a (7 7 \ 

where $kz(^i,^ii) stands for the Drinfel'd associator of the variables Z\ and 
Z\\ [D] . Therefore we obtain 

Proposition 23. The connection formula between the fundamental solutions 
of the formal 2KZ equation (|T5|) normalized at (zi, z 2 ) = (0, 0) and (1, 0), (0, 1) 
is given as 

£^°Hz 1: z 2 )=£^(z 1 ,z 2 )<P KZ (Z 1 ,Z 11 ), (96) 
C^°\z 1 ,z 2 ) =£(°' 1 )(z 1 ,z 2 )$ KZ (Z 2 ,Z 22 ). (97) 

As considered above, the connection problem of the formal 2KZ equation re- 
duces to the decomposition theorem (Proposition [TBI) an( i the connection prob- 
lem of the formal 1KZ equation. 

The connection problem for fundamental solutions of the formal 2KZ equa- 
tion and its application will be considered in the forthcoming paper [QUI] . 

8 The harmonic product of multiple zeta values 
and the decomposition theorem 

In this section, we discuss the harmonic product of multiple zeta values and mul- 
tiple polylogarithms, and show that the generalized harmonic product relations 
contain the harmonic product of multiple polylogarithms. 

8.1 Harmonic product of the multiple zeta values and 
multiple polylogarithms 

Let X be a C-vector space spanned by all indexes (sequences of Z>o) and • be a 
product of X by concatenation as (fci, . . . , . . . , lj) = (fci, . . . , ki, h, . . . , 

We introduce the harmonic product * of X defined by 

k*0 = 0*k = k (kel), 

(ki, ...,ki)* (h, = (ki) ■ ((fc 2 , ...,ki)* (h, . . 

+ (h)-{{k 1 ,...,k i )*(l 2 ,...,l j )) 

+ (k 1 + h)-((k 2 ,...,k i )*(l 2 ,...,l j )), 

where stands for the empty index. Then (X, *) becomes a commutative algebra. 
This is nothing but the harmonic algebra structure due to Hoffman |Ho| . 
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Lemma 24. 



(fci, ...,ki)* (h, . . 

= X! (Gil • • • ) ip) • (( fc 2, ■ ■ ■ , h) * (Zp+1, ■ ■ ■ , Zj)) 

+ (ii, • • • , Ip, ki + lp+i) ■ ((fc 2 , . . . , h) * (ip+2, ■ ■ ■ , 
+ (h,...,l j ,k 1 ,...,k i ), (98) 

where we regard an incorrect index as the empty index 0. For instance, 
= and (lx, . . . ,l ,kx) = (hi). 

Proof. The lemma can be prove easily by induction on j. □ 

The harmonic product of the multiple zeta values (|36p is the relation 

. . . , ki)({h, ...,lj) = C((ki, . . . , h) * (h, 

for fci, h > 1 (the multiple zeta values £ is extended to X linearly), and likewise 
one can define the harmonic product of multiple polylogarithms by 

Life 1 ,...,fe i (zi) Li^...^^) 

i-l 

^2 ( U (ku---,k p ,l 1 )-((k p+u ...,k i )*(h,...,h))(Pi Z l! Z 2) 

+ Li(fc lj ...^ p j 1+ fc p+1 ).(( fcp+2 ,... j A :i )»(i 2j ...j i ))(p, •; zi,z 2 )j 



P =i 



+ Li( ku _ tki! i u _ M (iJ;z 1 ,z 2 ) 

+ ( Li ('l,...,i P ,fc 1 )-((fc2,...,fc ! )*('p+i,---,' 3 ))(P' , ; Z 2, Zl) 

p=l 

+ ^\h,...d p M+l P +i)-{{k2,-M)*{lp+2,-d 3 )){P, •; Z2, Zl)J 

+ U (h,...J j M,---M)(j' i '> z i) 
+ Li(fc 1 +i 1 ).((fc 2 ,...,fc i )*(i 2 ,...,i i ))(0, •; z 2 , zi), (99) 

where Li k is extended to X linearly and the second numbering • means (the 
length of index) — (the first numbering). Namely, the harmonic product of 
Lifci,...,fc i (zi)L'ij 1 ,...^(22) is expressed as 

Lifc 1 ,...,fc ! (zi)Li il .... ! ; j (z 2 ) = ^2 c k Li k (zi, z 2 ), 

kex((fe!,.. .,ki)*(h,. 

where X{(k\ 1 . . . , ki) * (li, . . . , lj)) is the set of indexes and c k G Z>o are positive 
integers defined as 

(fci,...,fei)*(Zi,...,Zj)= c k k 

kel((k lt ...,ki)*(h,-,h)) 

by harmonic product of indexes, and the 2MPL Li k (2:1,^2) stands for 
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Lik(zi, z 2 ) 

Lit( (the position of Zi in k) — 1, •; z\, z 2 ) (k starts from ki), 

Lik( (the position of k\ in k) — 1, •; z 2 , Zi) (k starts from li), 

Lik(^iZ2) (k starts from ki + h). 

For i = j = 1 in (|99[) . the harmonic product of Li^zi) hii 1 (z 2 ) is written as 

Li fcl (zi) Li h (z 2 ) = Lifc 1 ,j I (1, 1; zi, z 2 ) + Lifci+ii (ziz 2 ) + Liix,** (1, 1; z 2l z x ). 

This is equal to 

m>0 n>0 \m>n>0 m=n>0 n>m>0/ 

by series expression. 

8.2 Relationship between the generalized harmonic prod- 
uct relations of hyperlogarithms and the harmonic 
product of MPLs 

We show that the generalized harmonic product relations of hyperlogarithms of 
type A4q,5 given by Theorem 1221 involve properly all of the harmonic products 
of multiple polylogarithms. 

We denote by MPL(zi, z 2 ) the C-linear space whose basis is the set of all 
2MPLs of zi, and MPL s {z\, z 2 ) the subspace spanned by 2MPLs whose weight 
(= the sum of indexes) is s. 

We define the linear operator : MPL(zi, z 2 ) ® S(A) — > MPL(zx,z 2 ) ® S(A) 

by 

f(Li*i,...,fc i+f («, j]Zi, z 2 ) ® lo) = uj o (dLi feli ... ife(+i (i, j; zi,z 2 )) (100) 

forLifc I ,... ) fc i+J (i,j;zi,2 2 )®w S MPL k {zi, z 2 )®S s (A) (k = k\-\ \-k i+j ). Propo- 
sition [T7] says that the right hand side of (llOOp belongs to MPL k -i{z\, z 2 ) (g) 
S a +i{A). Moreover we can get the following lemma and corollary. 

Lemma 25. 

X)(MPL k (z 1 ,z 2 )®B s ) cMPL k _ 1 (z 1 ,z 2 )®B s+ i. (101) 
Proof. By induction on k. □ 
This lemma says that 
(21,^2) 

f s (Li fcl .... ifci+j (i, j;zi,z 2 ) <g> 1) = Li kl .... M+j (i, j; z l7 z 2 ) 

(0,0) 

for all 1 < s < k\ + • • • + . Especially for s = ki + • • • + fc 1+J , we obtain 

<p = d kl+ - +k ^ (U kl ,..., ki+j (i, j; z x , z 2 ) ® 1) e B (102) 

and y = Li fcli ... jfci+j .(i, j;zi,z 2 ). 
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Corollary 26. Let W = Z^~ l Z u ■ ■ ■ Z^' 1 Z n Z k ' +1 1 Z 12 ■ ■ ■ Z^ i+i 1 Z 12 be a 
word of U(X<^ 2 ). Then we have 

Moreover the generalized harmonic product relation / ip(W,I) — / ip{W,T) 
is expressed as a recursive formula 



Lifci,...,fc i+i («,j;^i,22) = / dU ku ... M+j (i,j;zi,z 2 ). (103) 

Proof. The first claim is clear by Proposition 1121 The second one immediately 
follows from Theorem |2"21 for ip(W,T). □ 

That is to say, since the total differential dLi^ ki+ \h j] z\, z 2 ) in the right 

hand side of (|103p belongs to MPL kl ^ \-k i+j -i ®B\, we can apply (|103[) again 

to the MPL parts. Therefore we can compute the iterated integral / f(W, I) 

along the path C 2 ®i recursively. 

Theorem 27. The relations (|103[) of Corollary |2"61 and the harmonic products 
of MPLs are equivalent. 

In what follows, we prove Theorem |2"T1 

Lemma 28. The relations (fTTO)) (i > 0, j > 0) and (fTU7)l (i > 0, j > 0) are 
equivalent to 



f - dz 2 dz 2 dz 2 

/ o • • • o o- Li feli ... jfc .{i, j; zi,z 2 ) 

Jo z 2 z 2 1 - z 2 



k—l times 

i-1 



= ( Li fci,...,fc i _ s ,fc,fc i _ s+1 ,...,fc i+i (« - s,j + s + l;z 1 ,z 2 ) 

s=0 

ki-,+k,k t -.+i fei+i (i — s — l,j + s + l;zi, z 2 )j 

+ Li fc , fcl ,..., fcl+J (1, i + j; z 2 , zi) (104) 

for i, j > 0. 

Proof. From Proposition 1 171 we have 



Li fel ,..., fcl+3 (i, j;zi,z 2 ) = / dU ku ... M+j (i,j;z 1 ,z 2 ) 



f Z2 d 

J ~Q^ Uk l>---' k i+A l >j> Z l> Z 2) dz 2 ( 105 ) 



for i,j > 0. As the relations (j 1 03|) with i = or j = are trivial, this implies 
that the system of relations (|103[) and (|105[) are equivalent. 
Next we have 

f Z2 dz 2 

I U ku ,„ tk Zi,z 2 ) =U klt ... M+1+1 ,... M+] {i,j;z 1 ,z 2 ) (106) 

JO z 2 
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for i > 0, j > and 

rZ2 dz 2 



U kl ,...,k i+j (i,j',zi,Z2) 



n 



1-Z2 

i-1 

= ^2 ( Li fti,.-,fci-..i.fci—+i,->fci+j (« ~ s 'i + s + !;«ij«2) 

+Lifci,...,fc i _.+i,fc 4 _, +I ,...,fc 4+J (i-s-1, j + s + l;zi,z 2 )) 
+ Lii,fe 1 ,...,fc i+J - (1, i + j; z 2 , 21). (107) 

for i > 0, j > by direct calculation. Moreover, all of these relations (|106[) and 
(|107[l can be written as linear combinations of relations (|105|) . vise versa. 

Therefore it is enough to show that the set of relations (|106p and (|107p is 
equivalent to ([TMj) , It is clear that (fTM)) for i > follows from (JTUBJ), ([TOT]) . 
For i = 0, the relation (fTM)) is trivial. Conversely, that (fTU7|) follows from (fTMj) 
is clear. We can show that f) 106[> follows from Q104p by induction on i. □ 

Proof of Theorem \27\ 

Step 1. We prove the harmonic product of MPLs (J99]) from (|104p . By it- 
erated integral expression of MPLs (|33|) . we have 

Lifei,...,fe i (^i)Liii,...,i ;/ (z2) 

22 cb2 dz 2 ^^2 d^2 dz 2 T . , . n . 

o • • • o o- o- • -o o • • • o o- Li fe fci («,0; zi,z 2 ). 

o z 2 z 2 1 - z 2 z 2 z 2 1 - z 2 

" v ' V v ' 

l\ — 1 times — 1 times 

(108) 

Applying (|104|) to (|108[) , we show by induction on j that the right hand side of 
(|108p can be written as the right hand side of ([55)1 . 

For j = 1, it is clear. In general case, we assume that 

2 dz 2 dz 2 dz 2 dz 2 dz 2 

-0...0 o- o- ■ -o o ■ • • o o- Li fc ki (i,0-zi,z 2 ) 

o z 2 z 2 1 - z 2 z 2 z 2 1 - z 2 



times lj— 1 times 

= (the right hand side of (|99p for Life li ... j fc i (zi) Lij 2j ...,j ■ (^2)) • 

From the assumption, we have 

22 cfe 2 dz 2 dz 2 dz 2 dz 2 dz 2 

o • • • o o- o • • • o o • • ■ o o- Li fel fc . [1, 0; z 1 , z 2 ) 

z 2 z 2 1 - z 2 z 2 z 2 1 - z 2 

' v ' v ' 

ii — 1 times lj — 1 times 

22 dz 2 dz 2 dz 2 
o • • • o o- 



Z2 f2 1 - Z 2 

V 

ii — 1 times 

(the right hand side of ([Ml) for Lifc x ,...,fe € (^i) Lij 3j „.^ (%)) 
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i 1 

E( f 2 dz 2 dz 2 dz 2 T . , . 

( / — ° • • • °— °i — - u (k U ...,k p ,i 2 )-((k p+1 ,...M)*(h,-,h)M *i. z 2) 



Zi — 1 times 

Z2 c?Z2 dz 2 dz 2 
+ / o • • • o o- 



n 



Z 2 Z 2 1 — 22 

/i — 1 times 



Li(fcl,...,fe p ,fc J)+ l+i2)'((fej,+2,...,fei)*(i3,...,ij))(P> *) Z l' Z 2)) 

f Z2 dz 2 dz 2 dz 2 . . 

/ ° • ' • ° °^ L>lk 1 ,...,k i ,h,...,t j {h3 ~ ^,zi,z 2 ) 

Jo z 2 z 2 1 - z 2 



/i — 1 times 

i 



+ E ( Li (/i,...,i P ,fei)-((fc2,...,fe l )*('p+i 1 ---,i J ))(P' Z2 > Zi ) 

p=2 

+ Ll(; 1 ,...,; p ,fe 1+ ; I , +1 ).((fc 2i ... ! fc i )*(/ p+2 ,...j J .))(p, •; 22, 2i)) 

+ Li/i,...j J -,fci,...,fe l (j,«;22,2i) 

+ L i(/i,fei+/ 2 )-((fc2,...,fci)*(; 3 ,...^j))( 1 ' •! z 2, 21). 

Here we expand this by using (|104p and denote by fo(zi,z 2 ) + fi(zi,z 2 ) + 
f 2(21,22) the result, where /i(2i,z 2 ) (resp. / 2 (2i, z 2 ), fo(z\, z 2 )) is a sum of 
2MPLs of z\ (resp. 2MPLs of z 2 , MPLs of 2122)- By easy calculation, we have 



b — J. i — J. 

fi(zi,z 2 ) = E E ( Li (fci,---,fc P ,'i,fcp + i,...,fc,,i2)-((fc, + i,...,fc i )*(i 3 ,...j J ))(P: •; 21, 22) 

p=l q=p 

+ ^(k 1 ,...,k p ,l u k p+ i,...,k q ,k q+ i+hy((k q+2 ,...M)Hh,--Jj))(P, •! 2l, 22)) 

i 

+ E ^(fcl,-.,fej..il>fcp+l.-.**.i2,...,ii (P> Zl ' Z2 ) 
p=l 

i-2 i-1 

+E E 

21, 22) 

p=i <j=p+i 

+ Li( fel) ... i ^ +1+Jl) ^ +2> ... ) ^ )fcg+1+ i 2 ).(( fe((+2) ... ifei )*(; 3) ... i ^))(p,»; 21, 22)) 

i-l 

(p, •;2i,2 2 ) 

P =i 

i-l 

= E ( Li (fcl,---,fc P ,'l)-((fcp+l,---,fc I )*('2,...,i 3 ))(P I , > Z l> 2 2) 

- Li(fc 1 ,...,fc I ,,i 1 +fc J , +I ).((fc JI+2 ,...,fc i )*(j 3 ,...,j J ))(P) •, zi,z 2 )j 



p=i 



+ Li felj ..., fcijil ,... ji;f (i,i;2i,22), 
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where the second equation is due to Lemma [2"4l Likewise we have 
h{zi,z 2 ) = /A Li(; 1 ,...,; p ,fe 1 ).((fc 2 ,...,fc i )*(i p+1 ,...,i J ))(p, •; z 2 , zi) 



P =i 



+ Li(lu...,l p M+lp+i)-((k 2 ,...M)*(lp+2,---,l ] ))(P' •) z 2, Zij) 



+ Liii,...,ii,fci,...,fei (j,i;z2,zx), 
h(zi, z 2 ) = Li( fcl+il ).(( fc2 ^.. jfci )*( i ^... jij ))(0, •; z 2 , z 2 ). 

Therefore fo(zi, z 2 ) + fi{zi, z 2 ) + f 2 (z\, z 2 ) is nothing but the right hand side 
of (JMD for Li fel ,... ifci (z 1 )Li; li ...j j .(z 2 ). 

Step 2. Next we show the converse statement of (i). Assume We de- 

fine the total order 

(i,j)<(i',f) (i+3< i'+f), 

<(*',?) (i + j = i'+f, i<i') (109) 

on numbering and denote the harmonic product by 

Lifc 1 ,...,fc I (2i)Li; li ...j j .(z 2 ) = U kli ... i j Ci ,h,...,i j (i > j; Z!,z 2 ) 

+ F( ku ... M)t (i u ... t i j )(z l ,z 2 ) 

+ G f (*i,...,fe i ),(/ii...,ii)( Z l' 2! 2)) 

where F is the sum of all terms of 2MPL of z\ whose numbering is less than 
and G is the sum of all terms of 2MPL of z 2 . In this notation, we can 
show the equation 

dz 2 dz 2 dz 2 

o . . . o o- Li fe k h i At, 3 - 1; zi, z 2 ) 

o ^2 z 2 1 - z 2 

h-i 

= Lifc 1 ,...,fc i ,i 1 ,...,i J («,j;2i,22) 

+ i 7 '( feli ...^ s ) ; ( /li ... iij )(zi,2;2) 

+ G( fel ,... ifci ) ! ( Zli ... ! i j )(zi,z 2 ) 

f Z2 dz 2 dz 2 dz 2 
— I o • ■ • o o 

Jo z 2 z 2 1 - z 2 



° — °i — - F (k u ...,k i ),(h,-,l j )( z ^ z ^ 

z 2 1 — Zi 



Z2 dz 2 dz 2 dz 2 

° ' ' ' ° — °i -G(k 1 ,...,k i Ut2,..,h)( z ->-' z V 

Z 2 1 — Z2 



o z 2 z 2 i — z 2 



h-1 



restore the relations (|104[) by induction on this total order. We have thus com- 
pleted the proof of Theorem [27] □ 
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